ABSTRACT Aggregation of intuitionistic fuzzy information is a hot topic in Atanassov's intuitionistic fuzzy set theory, which has attracted much interest from researchers in recent years. In this paper, a series of new aggregation operators and weighted averaging operators are proposed for aggregating intuitionistic fuzzy information. First, some basic laws for operations on intuitionistic fuzzy values are presented together with their properties. Then, we propose intuitionistic fuzzy weighted arithmetic averaging operator and intuitionistic fuzzy weighted geometric averaging operator to aggregate intuitionistic fuzzy information. Inspired by the idea of ordered weighted averaging and hybrid weighted averaging, we further develop intuitionistic fuzzy ordered weighted arithmetic averaging operator, intuitionistic fuzzy ordered weighted geometric averaging operator, intuitionistic fuzzy hybrid weighted arithmetic averaging (IFHWAA) operator, and intuitionistic fuzzy hybrid weighted geometric averaging (IFHWGA) operator. It is proved that all proposed weighted averaging operators have the properties of idempotency, boundary, monotonicity, and commutativity. Finally, we propose new methods based on IFHWAA and IFHWGA operators, respectively, to solve multi-attribute group decision making under intuitionistic fuzzy environment. Some examples are applied to illustrate the performance of the proposed methods. The experimental results show the effectiveness and advantages of the developed method by comparing with the other methods.
I. INTRODUCTION
By relaxing the condition that the non-membership degree is necessarily equal to one minus the membership degree, Atanassov [1] - [4] extended Zadeh's fuzzy set [61] to intuitionistic fuzzy set, which is known as Atanassov's intuitionistic fuzzy set (AIFS). For an AIFS, the gap between one and the sum of membership degree and non-membership degree is named as hesitation degree. The introduction of hesitation degree brings much convenience in depicting uncertain information. Bustince and Burillo [6] have determined that the concept of intuitionistic fuzzy sets and that of vague sets coincide with each other. Since its inception, AIFSs have received much attention from researchers because of its advantage in modelling uncertain information systems. Many researchers [1] - [4] , [23] , [45] - [55] , have made important contributions to the development of AIFS theory and its applications, resulting in the great success from the theoretical and technological points of view. These researches involve many aspects such as aggregation operators [13] , [45] - [47] , similarity (or distance) measures [30] , [34] and uncertainty (or knowledge) measures [16] , [42] , extension of classic decision making methods [41] and new decision making methods [17] , and judgment matrix [53] , [54] . The relationship between intuitionistic fuzzy set theory and other theories for uncertainty reasoning such as belief function theory [27] , [28] , [33] , [39] , [58] is also attracting more and more interest. Now the theory of AIFS is playing an important role in many fields such as intelligent reasoning [31] , decision making [42] , and so on.
In current big-data era, AIFS has been widely applied to the multi-attribute group decision making (MAGDM) problems to handle the increasing uncertainty in process of decision making. In recent years, lots of methods [10] - [12] , [32] , [36] , [38] , [43] , [47] , [55] have been proposed to solve MAGDM problems with intuitionistic fuzzy information. In the process of handling intuitionistic fuzzy MAGDM problems, information aggregation is an interesting and important research topic that has been receiving increasingly more attention in recent years. This problem has been investigated by many authors from different points of views to overcome the lack of precision in the final results using the binary operations to carry the combination process [55] . With the help of the algebraic operational laws on AIFSs, Xu [45] developed some basic arithmetic aggregation operators for aggregating AIFVs, while Xu and Yager [46] developed some basic geometric aggregation operators and applied them to MADM based on AIFVs. These basic aggregation operators proposed in [45] , [46] had been further generalized by using generalized means [10] and order inducing variables [56] . For example, Wei [40] proposed some induced geometric aggregation operators with intuitionistic fuzzy information and applied them to group decision making. Li [23] extended the generalized ordered weighted averaging (GOWA) operators introduced by Yager [56] to aggregate AIFVs and, based on the extended GOWA operators, developed a method to solve the MADM problems with AIFVs. Zhao et al. [63] developed some new generalized aggregation operators such as generalized intuitionistic fuzzy weighted averaging (IFWA) operator, generalized intuitionistic fuzzy ordered weighted averaging (OWA) operator, and generalized intuitionistic fuzzy hybrid averaging operator. Xia and Xu [43] proposed a series of intuitionistic fuzzy point operations, and then, they developed various generalized intuitionistic fuzzy point aggregation operators based on the idea of generalized aggregation operators [63] . These basic operators proposed in [45] , [46] have also been further generalized by combining the knowledge of dynamic programming, Choquet integral [47] , and Dempster-Shafer theory of evidence [11] . Xu and Yager [49] defined dynamic IFWA operator and developed a procedure to solve the dynamic intuitionistic fuzzy MADM problems. Yang et al. [59] presented dynamic intuitionistic normal fuzzy weighted arithmetic average (DINFWAA) operator and dynamic intuitionistic normal fuzzy weighted geometric average (DINFWGA) operator to address dynamic intuitionistic normal fuzzy multi-attribute decision-making (MADM) problems with unknown time weight. Lourenzutti et al. [29] proposed two generalized approaches based on the Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) and the TODIM (an acronym in Portuguese for Interactive and Multi-Criteria Decision Making), which can be used to consider groups of decision makers with all their different opinions, heterogeneous types of information, criteria interaction, fuzzy measure identification and dynamic environments.
Tan and Chen [35] and Xu [50] used the Choquet integral to propose some intuitionistic fuzzy aggregation operators, which not only consider the importance of the elements or their ordered positions but also can reflect the correlations among the elements or their ordered positions, and pointed out that most of the existing intuitionistic fuzzy aggregation operators are special cases of our operators. Xu and Xia [47] applied Choquet integral and Dempster-Shafer theory of evidence to aggregate intuitionistic fuzzy information and developed the induced generalized aggregation operators under intuitionistic fuzzy environments. Dymova and Sevastjanov [11] , [12] , and [32] have showed that there existed a strong link between AIFS and the Dempster-Shafer theory of evidence (DST). This link made them to use directly Dempster's rule of combination to aggregate local criteria presented by intuitionistic fuzzy values (IFVs) in MADM problems. Hence, they proposed series of operations on intuitionistic fuzzy values and interval intuitionistic fuzzy values in the framework of DST.
Based on the basic operational law in [45] and the Bonferroni mean operator [57] , Xu and Yager [48] developed an intuitionistic fuzzy Bonferroni mean (IFBM) and applied the weighted IFBM to MADM. Recently, Liu [26] combined the power average operator with Heronian mean operator and extended them to process interval-valued intuitionistic fuzzy information. He developed a new multiple attribute group decision making method based on his proposed interval-valued intuitionistic fuzzy power Heronian aggregation (IVIFPHA) operator and interval-valued intuitionistic fuzzy power weight Heronian aggregation (IVIFPWHA) operator. Xu and Cai [55] have provided a survey of the aggregation techniques of intuitionistic fuzzy information and their applications in various fields. In addition, they analyzed their characteristics and relationships, and discussed possible directions for future research in this area.
It is clear that the aggregation operators that are introduced previously are based on the basic algebraic product and algebraic sum of AIFSs to carry the combination process, which are not the unique operations that can be chosen to model the intersection and union of AIFSs, but they are the most commonly used ones in decision making applications. Many operators based on other typical t-norms and t-conorms, e.g., Einstein t-norm and t-conorm, have been proposed. Wang and Liu [36] , [38] introduced some new operations on AIFSs and interval-valued intuitionistic fuzzy sets, such as Einstein sum, Einstein product, and Einstein scalar multiplication. Based on these Einstein operations, they developed some intuitionistic fuzzy aggregation operators to address (interval-valued) intuitionistic fuzzy MAGDM problems, such as the intuitionistic fuzzy Einstein weighted averaging operator and the intuitionistic fuzzy Einstein ordered weighted averaging operator, interval-valued intuitionistic fuzzy Einstein weighted geometric operator, interval-valued intuitionistic fuzzy Einstein ordered weighted geometric operator and interval-valued intuitionistic fuzzy Einstein hybrid weighted geometric operator. Wang and Liu [37] also developed some new geometric Einstein aggregation operators, such as the intuitionistic fuzzy Einstein weighted geometric operator and the intuitionistic fuzzy Einstein ordered VOLUME 6, 2018 weighted geometric operator, which extend the weighted geometric (WG) operator and the ordered weighted geometric (OWG) operator to accommodate the environment in which the given arguments are intuitionistic fuzzy values. They also established some desirable properties of these operators, such as commutativity, idempotency and monotonicity, and gave some numerical examples to illustrate the developed aggregation operators. Following Wang and Liu's [36] - [38] work, Zhao and Wei [64] proposed the intuitionistic fuzzy Einstein hybrid averaging (IFEHA) operator and intuitionistic fuzzy Einstein hybrid geometric (IFEHG) operators to deal with multi-attribute decision making problems in intuitionistic fuzzy environment.
However, the interactions between non-membership function and membership function of different intuitionistic fuzzy sets is not considered in most of aggregation operators. Motivated by this, some interaction operational rules have been presented. He et al. [18] proposed some intuitionistic fuzzy geometric interaction aggregation operators based on their new developed geometric operations on intuitionistic fuzzy sets, including the IFWGIA operator, the IFOWGIA operator and the IFHGIA operator, which are more practical for an averaging operator. Later, He and He [19] proposed extended Atanassov's intuitionistic fuzzy interaction Bonferroni mean (EIFIBM) and the extended weighted Atanassov's intuitionistic fuzzy interaction Bonferroni mean.
By extending the partitioned Bonferroni mean (PBM) operator and the (partitioned geometric Bonferroni mean) PGBM operator based on the interaction operational laws of intuitionistic fuzzy sets, Liu et al. [25] proposed the interaction PBM (IFIPBM) operator for intuitionistic fuzzy numbers, the weighted interaction PBM (IFWIPBM) operator for IFNs, the interaction PGBM (IFIPGBM) operator for IFNs and the weighted interaction PGBM (IFWIPGBM) operator for IFNs to solve MAGDM problems. In [15] , the existing intuitionistic fuzzy averaging aggregation operators were critically analyzed. By considering the hesitation degree between the membership functions, Garg [15] developed some new operational laws, based on which intuitionistic fuzzy Hamacher interactive weighted averaging operator and ordered weighted averaging and hybrid weighted averaging operator were proposed. Recently, Garg [14] proposed some intuitionistic fuzzy interaction operational laws based on Einstein t-norm and t-conorm. According to these basic operational laws, intuitionistic fuzzy Einstein interaction aggregation operator, intuitionistic fuzzy Einstein interaction ordered aggregation operator, and intuitionistic fuzzy Einstein interaction hybrid aggregation operator were de9eloped to address MAGDM problems in intuitionistic fuzzy environment.
After reviewing these existing aggregation operators for intuitionistic fuzzy information, we note that these operators based on the algebraic operational laws of AIFSs for carrying the combination process may be not consistent with the limiting case of ordinary fuzzy sets. Some new developed operators can more or less relieve drawbacks existing in earlier defined operators. But their relationship with the most widely used operators in [45] , [46] is not investigated. These interaction aggregation operators may lose some good algebraic properties which may affect the integration process. We believe that developing new intuitionistic fuzzy aggregation operators in the framework of algebraic operation is still a meaningful and challenging work. The enrichment and development of intuitionistic fuzzy aggregation operators can provide more choice for decision maker, which is helpful for making a sound decision under intuitionistic fuzzy condition. Motivated by such sense, we will propose some intuitionistic fuzzy aggregation operators with good properties. Therefore, the focus of this paper is to introduce a series of aggregation operators for intuitionistic fuzzy information based on some basic operational rules. The properties of the new developed basic operations and aggregation operators will also be investigated. The relationship between our new developed basic operations and these operations in [45] , [46] will also be analyzed. Comparative analysis on the performance and application of these proposed operators in intuitionistic fuzzy MAGDM problems is also the focus of this paper.
The rest parts of this paper are organized as following. Some concepts related to AIFSs are introduced in Section II. We will propose some new operations on IFVs in Section III. The properties of these new operations will be deeply investigated in this section. A series of weighted averaging operators for intuitionistic fuzzy information will be presented in Section IV, which is followed by our proposed methods for solving intuitionistic fuzzy MAGDM problems in Section V. Some application examples are applied to analyze the performance of the new developed methods in Section VI. This paper is concluded in the last section.
II. PRELIMINARIES A. INTUITIONISTIC FUZZY SETS
The concept of an intuitionistic fuzzy set is based on Zadeh's fuzzy set. Therefore, we first review the definition of a fuzzy set, as proposed by Zadeh [61] . Then, some basic concepts that are related to intuitionistic fuzzy sets will be presented.
Definition 1 [61] : Let X = {x 1 , x 2 , · · · , x n } be a universe of discourse. A fuzzy set A in X is defined as:
where µ A (x) : X → [0, 1] is the membership degree. Definition 2 [1] : An intuitionistic fuzzy set A in X = {x 1 , x 2 , · · · , x n }, as defined by Atanassov, can be expressed as:
where µ A (x) : X → [0, 1] is the membership degree and v A (x) : X → [0, 1] is the non-membership degree. µ A (x) and v A (x) satisfy the following condition:
The difference between 1 and the sum of the membership and non-membership degrees is the hesitancy degree, which is denoted by π A (x). It can be expressed by 1 minus
It can be shown that
is also called the intuitionistic index of x in A. Greater π A (x) indicates higher uncertainty in the value of x. When π A (x) = 0 holds for all x ∈ X , the IFS A degrades into Zadeh's fuzzy set.
In addition to Definition 2, other possible representations of IFSs have been presented in the literature. Hong and Kim [21] proposed the interval [µ A (x), 1 − v A (x)] to represent intuitionistic fuzzy set A in X . This representation is identical to the interpretation of IFS in terms of the intervalvalued fuzzy set, where µ A (x) and 1−v A (x) indicate the lower and upper bounds, respectively, of the membership degree of
In this paper, AIFSs(X ) is used to denote the set of all IFSs over X . If |X | = 1, i.e., the universe of discourse X contains only one element x, the AIFS A over X can be denoted as A = µ A , v A for short, which is also called an intuitionistic fuzzy value (IFV). The hesitancy degree of A is denoted as π A = 1−µ A −v A . Moreover, considering the relation between the interval-valued fuzzy set and the intuitionistic fuzzy set, we can obtain an interval-valued value [µ A , 1 − v A ] from the intuitionistic fuzzy value A = µ A , v A . They are in one-toone correspondence. If µ A = 1 − v A , the intuitionistic fuzzy value A reduces to a crisp number. All intuitionistic fuzzy values constitute a space, which is denoted by L * .
In the theory of intuitionistic fuzzy sets, an IFS A = µ A (x), v A (x) can also be interpreted from a physical viewpoint. For example, given an IFS A = µ A (x), v A (x) = 0.2, 0.3 that is defined in X = {x}, we can easily obtain the hesitancy degree π A (x), which is 0.5. We can interpret this situation as ''the degree of x belonging to A is 0.2, the degree of x not belonging to A is 0.3, and the degree of element x belonging indeterminately to A is 0.5''. In the voting model, the result can be interpreted as ''the vote for the resolution is two in favor and three against, with five abstentions''. Furthermore, for a classical fuzzy set B that is defined in X , since v B (x) = 1 − µ B (x), the hesitancy degree of x belonging to B can be expressed as
Thus, the classical fuzzy set can be regarded as a special case of the intuitionistic fuzzy set. Definition 3 [1] : For two AIFSs A and B, which are defined over X = {x 1 , x 2 , · · · , x n }, the following relations can be defined:
where A C is the complement of A. Definition 4 [1] , [2] : Suppose that α = µ 1 , v 1 and β = µ 2 , v 2 are two intuitionistic fuzzy values. The ordinary partial order relation between them can be defined as:
Based on the partial order relation, we can infer that intuitionistic fuzzy value 0, 1 is the smallest in the space L * , while the largest is 1, 0 .
Definition 5 [1] , [2] : 2 , · · · , x n }, operations for IFSs can be defined as follows:
The weighted arithmetic and geometric average operators for intuitionistic fuzzy values have been developed as follows.
Definition 6 [45] , [46] : Let α i =< µ i , v i > be IFVs and w = (w 1 , w 2 , · · · , w n ) T be a weighting vector with i = 1, 2, · · · , n, 0 ≤ w i ≤ 1. Then, the intuitionistic fuzzy weighted arithmetic average (IFWA) operator and the intuitionistic fuzzy weighted geometric (IFWG) average operator are, respectively, defined by:
Based on the operations between intuitionistic fuzzy values that are defined in Definition 5, we can further obtain:
The IFWA operator and IFWG operator have been broadly used to solve MADM problems. However, they may encounter some difficulties in application. The IFWA operator and IFWG operator are not suitable in some extreme cases. To avoid these drawbacks, Beliakov et al. [5] and Xia et al. [44] developed averaging operators for intuitionistic fuzzy values by using a continuous Archimedean t-norm and its dual t-conorm, which is defined as:
where g and h are the additive generator of a continuous Archimedean t-norm and its dual t-conorm, respectively. Beliakov et al. [5] indicated that Eq. (9) is identical to the operation that is defined on classical fuzzy sets iff the t-norm is Łukasiewiczone. In such case, Eq. (9) can be written as:
This modified operator was also discussed in [8] and [54] . It is showed that this operator can be implemented by calculating the weighted arithmetic averages of membership degree and non-membership degree.
B. LINEAR ORDERS OF IFVs
In practical decision-making situations, ranking or comparing several intuitionistic fuzzy values is important. In this part, we introduce the method for ranking intuitionistic fuzzy values.
Atanassov [2] has proposed an order for IFVs, which was defined in Definition 4. Unfortunately, this is a partial order relation. To apply intuitionistic fuzzy values in decisionmaking, we need a linear (total) order. In [24] , several total orders for intuitionistic fuzzy values are discussed. Here, we mainly recall the linear orders that were proposed by Bustince et al. [7] Chen and Tan [8] , and Hong and Choi [20] . Bustince et al. [7] It is well known that there is a one-to-one correspondence between the IFV and the interval value: µ, v → [µ, 1 − v] . Therefore, we can transform the corresponding results from interval values to IFVs. For example, a binary relation ≤ B on IFVs can be described as
Another admissible order for intuitionistic fuzzy values is defined based on the score function and the accuracy function.
Definition 7 [7] , [20] : Let α = µ, v be an intuitionistic fuzzy value. The score function s and the accuracy function h can be mathematically expressed as s(α) = µ − v and h(α) = µ + v, respectively.
We can easily derive from Definition 7 that s(α) ∈ [−1, 1] and h(α) ∈ [0, 1] for any intuitionistic fuzzy value A. Based on the concepts of the score function s(·) and the accuracy function h(·), intuitionistic fuzzy values can be ranked according to the following rule.
Definition 8 [20] : Let α = µ 1 , v 1 and β = µ 2 , v 2 be two intuitionistic fuzzy values. They can be ranked as follows:
(1) If s(α) > s(β), we can say that α is bigger than β, which is expressed as α > β; (2) When s(α) = s(β), the following cases should be considered:
, then α is bigger than β, which is expressed by α > β. Example 9: Assume that three intuitionistic fuzzy values are given as α 1 = 0.6, 0.3 , α 2 = 0.45, 0.2 , and α 3 = 0.5, 0.25 . According to Definition 7, the score functions of IFVs α 1 , α 2 and α 3 can be calculated as follows:
Hence, α 1 > α 2 = α 3 when only the score functions of α 1 , α 2 and α 3 are considered. To discriminate α 2 and α 3 , according to Definition 8, the accuracy functions of α 2 and α 3 should be taken into account. They can be obtained as follows:
Then, according to the ranking rule that was proposed in Definition 8, we can get α 1 > α 3 > α 2 .
III. NEW OPERATIONAL RULES ON INTUITIONISTIC FUZZY VALUE
For the sake of clarity, we will investigate intuitionistic fuzzy operators based on AIFSs defined in X = {x}, which can be regarded as intuitionistic fuzzy values (IFVs) < µ, v >. For two IFVs a = µ a , v a , b = µ b , v b , and real number λ, the following operations defined by Xu and Yager [46] , and Xu [45] have been widely used to construct aggregation operators for decision making.
Definition 10 [45] :
, some operations on them are defined as:
Based on these basic operational laws, many aggregation operators have been proposed to aggregate intuitionistic fuzzy information. But it has been pointed out that this is not the only operation rules to model the aggregation of intuitionistic fuzzy information. Some operators based on Einstein triangular norms (t-norms) and the product have been presented to solve MADM problem [36] - [38] . Many interaction operators [13] , [25] , [26] , [59] are also developed by combining membership and non-membership. But most of these interaction operations lose some algebraic properties. Here, with the purpose of enriching the intuitionistic fuzzy operation base, we will propose some basic intuitionistic fuzzy operation rules based on some algebraic operation.
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Definition 11: For two IFVs a = µ a , v a , b = µ b , v b , the addition operation ''⊕'' and the multiplication operation ''⊗'' on them can be respectively defined as:
( 
. So the operations in Definition 11 can be written as:
, which comply with instructions for constructing aggregation operators for IFVs proposed in [5] . 
We describe the values of f (x, y) and g(x, y) in FIGURE 1 and FIGURE 2, respectively. FIGURE 1 shows that when (x, y) → (1, 1), the value of f (x, y) has the limitation of 1. It is indicated by FIGURE 2 that g(x, y) reached to 0 in the case of (x, y) → (0, 0). FIGURE 1 and FIGURE 2 also From Definition 11, we can also get the following relations easily: 
Then it follows that:
which indicates that
Then it follows:
Similarly, we can also get:
These indicate that both of a ⊕ b and a ⊗ b are IFVs.
Theorem 15:
Proof: From Definition 11, we have:
, the operations defined in Definition 11 have some algebraic properties as following:
( Proof:
For the functions f (x, y) =
x+y−2xy
1−xy and g(x, y) = xy x+y−xy , their derivatives can be obtained as:
So f (x, y) and g(x, y) are all monotonically increasing with respect to x and y, which is consistent with the values of f (x, y) and g(x, y) shown in FIGURE 1 and FIGURE 2, respectively.
Then we can get:
Thus,
Considering the partial order for IFVs, we have a
Therefore, the operations a⊕b and a⊗b are monotonically increasing.
From Theorem 17, we can note that
This indicates that our proposed operations a⊕b and a⊗b satisfy the requirement of boundary.
Theorem 18:
Proof: For the convenience of comparison, we present the operations on two IFVs a = µ a , v a and b = µ b , v b , defined in Definition 10 and Definition 11 as follows:
(
Then we have:
The condition 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1 implies that 1 − xy ≥ 1 − x and 1 − xy ≥ 1 − y.
We also have: 2 ≥ xy. Then it follows that:
From all above we can conclude that
Hence,
Based on the partial order defined in Definition 4, we have
Theorem 18 tells the truth that our developed addition and multiplication operations are neutral between two operations a + b and ab defined in Definition 10.
Theorem 19: Based on the addition operational rules defined in Definition 11, we can get the following operation:
Proof: This proof can be implemented based on mathematical induction.
(1) When n = 2, we have:
, then we have:
Theorem 21: Based on the multiplication operational rules defined in Definition 11, we can get the following operation:
Proof: From Theorem 15 and Theorem 19, we have:
Remark 22: From Eq. (12), we can get a 1 = a. VOLUME 6, 2018 From Theorem 19 and Theorem 21, we can generalize operations n a and a n to any non-negative real number λ.
Definition 23:
, and a real number λ ≥ 0, the following operations can be defined:
Remark 24: We note that when λ > 1, the denominators 1 p(x, y) and lim
does not exist. In the application of decision making based on intuitionistic fuzzy information, the attributes weights are rarely assigned to 0, so such extreme case can be ignored in practical application. For the sake of mathematical consistency, we can set 0 a = 0, 1 and a 0 = 1, 0 for any IFV. Proof:
, and λ > 0, we have:
Then it is easy to get that
can be got that:
Similarly, we can also get
Therefore, λ a and a λ are IFVs. Theorem 26: Let a = µ a , v a and b = µ b , v b be two IFVs, λ be a positive real number. Then we have
Proof: Given a C = v a , µ a , we have:
Thus, a λ = λ a C C . Similarly, we can get λ a = a C λ C . Theorem 27: Let a = µ a , v a and b = µ b , v b be two IFVs, λ, λ 1 and λ 2 be positive real numbers. Then, the following desirable properties can be obtained algebraically:
. The Proof of Theorem 27 is proposed in Appendix B. Based on the first and third properties we can have:
Furthermore, in the case of
λ i = 1, we have:
This indicates that the proposed operators are idempotent, which is desirable in the solution of multiattribute decision making problems with intuitionistic fuzzy information.
Theorem 28: Let a = µ a , v a be an IFV and λ be a positive real number. The operation λ a is monotonically increasing with respect to a and λ. The operation a λ is monotonically increasing with respect to a and decreasing with respect to λ. 
So p(x, y) is increasing with respect to x and y. q(x, y) is decreasing with x and increasing with y. The values of p(x, y) and q(x, y) shown in FIGURE 3 and FIGURE 4 also demonstrate the monotonicity of p(x, y) and q(x, y), which coincides with such analysis.
For two IFVs a = µ a , v a and
Given two real numbers 0 < λ 1 ≤ λ 2 , we have
Therefore, we conclude that λ a is monotonically increasing with respect to a and λ, and the operation a λ is monotonically increasing with respect to a but decreasing with respect to λ.
Based on Theorem 28, we can deduce that operations λ a and a λ meet the requirement of boundary, i.e., 0 
For the sake of exposition, we provide the proof of Theorem 29 in the Appendix C.
From Theorem 29, we can summarize that for any IFV a and positive real number λ, the IFVs λ a and a λ are both neutral between IFVs λa and a λ .
IV. INTUITIONISTIC FUZZY WEIGHTED AVERAGING OPERATORS
Considering the addition operation and power operation defined in Definition 11 and Definition 23, we can develop an aggregation operator for intuitionistic fuzzy information.
Definition 30: Let a a 1 , a 2 , · · · , a n be a set of IFVs with
be the weighting vector of a 1 , a 2 , · · · , a n , where w i ≥ 0 for i = 1, 2, · · · , n, and
then IFWAA is called an intuitionistic fuzzy weighted arithmetic averaging (IFWAA) operator. Especially, in the case of w = (1/n, 1/n, · · · , 1/n) T , the IFWAA operator reduced into an intuitionistic fuzzy arithmetic averaging (IFAA) operator expressed as:
Based on the algebraic properties shown in Theorem 27, we can write Eq. (14) as:
Theorem 31: Let a a 1 , a 2 , · · · , a n be a set of IFVs with a i = µ a i , v a i , i = 1, 2, · · · , n, and w = (w 1 , w 2 , · · · , w n ) T be the weighting vector of a 1 , a 2 , · · · , a n with w i ≥ 0 for i = 1, 2, · · · , n and n i=1 w i = 1. Then the aggregated results of a 1 , a 2 , · · · , a n is an IFV, and IFWAA (a 1 , a 2 , · · · , a n ) = µ n A , v n A , where
The proof of Theorem 31 is proposed in Appendix D. Similarly, based on the multiply operation and power operation, we can propose another intuitionistic fuzzy aggregation operator as follows.
Definition 32: Let a a 1 , a 2 , · · · , a n be a set of IFVs with a i = µ a i , v a i , i = 1, 2, · · · , n, and w = (w 1 , w 2 , · · · , w n ) T be the weighting vector of a 1 , a 2 , · · · , a n such that w i ≥ 0 for
then IFWGA is called an intuitionistic fuzzy weighted geometric averaging (IFWGA) operator.
Especially, in the case of w = (1/n, 1/n, · · · , 1/n) T , the IFWAA operator reduced into an intuitionistic fuzzy geometric averaging (IFGA) operator expressed as:
Based on the algebraic properties shown in Theorem 27, we can write Eq. (19) as:
Theorem 33: Let a a 1 , a 2 , · · · , a n be a set of IFVs with a i = µ a i , v a i , i = 1, 2, · · · , n, and w = (w 1 , w 2 , · · · , w n ) T be the weighting vector of a 1 , a 2 , · · · , a n with w i ≥ 0 for i = 1, 2, · · · , n and n i=1 w i = 1. Then the aggregated results of a 1 , a 2 , · · · , a n is an IFV, and IFWGA (a 1 , a 2 , · · · , a n ) = µ A , v A with
Proof: Based on the relations between operations defined in Definition 11 and Definition 23, Theorem 33 is evident from Theorem 31.
We can note that these two intuitionistic fuzzy aggregation operators IFWAA and IFWGA are both developed based on our proposed basic operational rule. The difference between them lies in the application of basic operations. Taking Theorem 15 and Theorem 26 into consideration, we can effortlessly get the following relationship between IFWAA and IFWGA operators:
Based on the properties of our defined basic operations, we can deduce that the operators IFWAA and IFWGA have the following properties:
(1) Idempotency When all IFVs are equal to a = µ, v , we have: 
{µ a i } , based on the monotonicity of our defined operations, we have:
For two sets of IFVs a 1 , a 2 , · · · , a n and
, 2, · · · , n}, based on the monotonicity of our defined operations, we have:
Since the addition operation is commutative and associative, the aggregation operators IFWAA and IFWGA are also commutative. They are independent of aggregation orders. Based on the idea of ordered weighted averaging (OWA), we can define two intuitionistic fuzzy ordered weighted averaging operators as follows:
Definition 34: Let a a 1 , a 2 , · · · , a n be a set of IFVs with
T is the associated weighting vector for the ordered weighted averaging with
then IFOWAA η is called an intuitionistic fuzzy ordered weighted arithmetic averaging (IFOWAA) operator, where a σ (i) is the ith largest IFV of all IFVs a 1 , a 2 , · · · , a n . We can easily get that:
Definition 35: Let a a 1 , a 2 , · · · , a n be a set of IFVs with a i = µ a i , v a i , i = 1, 2, · · · , n, and η = (η 1 , η 2 , · · · , η n ) T is the associated weighting vector for the ordered weighted averaging with η i ≥ 0 for i = 1, 2, · · · , n, (26) then IFOWGA η is called an intuitionistic fuzzy ordered weighted geometric averaging (IFOWGA) operator, where a σ (i) is the ith largest IFV of all IFVs a 1 , a 2 , · · · , a n .
We can also get that: (28) Similarly, operators IFOWAA and IFOWGA both satisfy the property of idempotency, boundary, monotonicity and commutativity.
Moreover, some special cases can be obtained as:
T , we have:
(2) If η = (0, 0, · · · , 1) T , we have:
If we take the weight of ordered position and attribute weight into consideration, two kinds of hybrid aggregation operators can be obtained:
Definition 36: Let a a 1 , a 2 , · · · , a n be a set of IFVs with
T be the associated weighting vector for the ordered weighted averaging with
and w = (w 1 , w 2 , · · · , w n )
T be the weighting vector of a 1 , a 2 , · · · , a n with w i ≥ 0 for i = 1, 2, · · · , n,
If a mapping IFHWAA ηw : IFV n → IFV satisfies (33) then IFHWAA ηw is called an intuitionistic fuzzy hybrid weighted arithmetic averaging (IFHWAA) operator, wherė a σ (i) is the ith largest IFV of all IFVs (nw i ) a i , i = 1, 2, · · · , n. VOLUME 6, 2018 We can also get that:
Definition 37: Let a a 1 , a 2 , · · · , a n be a set of IFVs with
is the associated weighting vector with
T be the weighting vector of a 1 , a 2 , · · · , a n with (36) then IFHWGA ηw is called an intuitionistic fuzzy hybrid weighted geometric averaging (IFHWGA) operator, wherė a σ (i) is the ith largest IFV of all IFVs a
Identically, we can get that: (38) We can also easily prove that operators IFHWAA and IFHWGA satisfy the properties of idempotency, boundary, monotonicity and commutativity.
Comparing with the weighted aggregation operators IFWAA and IFWGA, operators IFOWAA and IFOWGA take the weighting of ordered IFVs into consideration. Moreover, two hybrid aggregation operators IFHWAA and IFHWGA integrate the weighting factor of all attributes into IFOWAA and IFOWG operators, respectively. The basic of these three couples of operators are all the operational rules. Their difference lies in the consideration of additional information. In practical application, they can be used adaptively according to the information available.
V. A NEW METHOD FOR MAGDM WITH INTUITIONISTIC FUZZY INFORMATION
In this section we will propose a new approach to solve the multi-attribute group decision making (MAGDM) problems with intuitionistic fuzzy information. Considering the new method is developed based on the distance-based knowledge measure and our proposed aggregation operators. The multiattribute group decision making problem under intuitionistic fuzzy environment can be depicted as:
All alternatives consist a set denoted as
The set of all attributes to be considered expressed as A = {A 1 , A 2 , · · · , A n }. A set of decision makers E = {E 1 , E 2 , · · · , E s } are consulted for the evaluation of all alternatives. The weight vector of attributes assigned by 
The intuitionistic fuzzy decision matrix given by decision maker E k (k = 1, 2, · · · , s) is expressed as:
where r k ij = µ k ij , v k ij is the intuitionistic fuzzy information provided by decision maker E k to represent the evaluation value of alternative G i with respect to attribute A j .
Step 1: For each decision maker E k , use the IFHWAA (IFHWGA) operator to collect the evaluation results r k ij = µ k ij , v k ij of each alternative G i (i = 1, 2, · · · , m) with respect to all attributes to obtain the comprehensive evaluation for the alternatives provided by a decision maker E k . The associated weighting vector is generated based on normal distribution, as shown in [52] . These evaluation results obtained from all decision makers are expressed as:
In decision matrix R, if the IFHWAA operator is applied, we have:
where
In decision matrix R, if the IFHWGA operator is applied, we have:
In Eqs. (41) If we use IFHWAA operator, we have:
If we use IFHWGA operator, we have:
In Eqs. (45) 
Step 4: Rank all alternatives based on the scores and accuracy degrees of all IFVs Z 1 , Z 2 , · · · , Z m to get the priority order.
VI. APPLICATION EXAMPLES
In this section, some numerical examples are considered to investigate the performance of the proposed method. The experimental results of the proposed method will be compared with the those typical methods presented in [9] , [51] , [60] , and [62] .
Example 38 [60] : Four candidates are challenging for the president in a university. As an important index, the masses' satisfaction with the candidates should be evaluated. The final four campaigners of the university will be assessed. They are denoted as four alternatives, namely, G 1 , G 2 , G 3 , and G 4 . The masses consist of three teams: teachers {E 1 }, researchers {E 2 } and undergraduate students {E 3 }. They are considered decision makers (reviewers) for the grading work.
Three attributes, namely, working experience, academic performance and personality, are used by decision makers E 1 , E 2 and E 3 to evaluate the alternatives x 1 , x 2 , x 3 , and x 4 . Three attributes are denoted as follows:
(1) A 1 : working experience, (2) A 2 : academic performance, (3) A 3 : personality.
Decision makers E 1 , E 2 and E 3 provide decision matrices R 1 , R 2 and R 3 , respectively. These decision matrices are expressed by intuitionistic fuzzy values as follows: Based on the IFHWAA operator, we can aggregate each campaigner's evaluation results proposed by each decision maker under all attributes. We get the comprehensive decision matrix from all decision makers as D, as shown at the bottom of the this page.
Use the IFHWAA operator to aggregate the evaluation results obtained from all decision makers. We can get the final assessments of the four campaigners as: Thus, we can rank the alternatives in the following preference order: x 2 x 3 x 4 x 1 .
If we solve this problem based on the IFHWGA operator, we can get the results as follows:
These results also indicate the ranking order
So we can note that such results obtained by our proposed method coincides with the one presented in [9] , [51] , [60] , and [62] .
Preference orders that are obtained by different methods are shown in TABLE 1. Our proposed method, Xu's method [51] , Yue's method [60] and the method of Chen et al. [9] obtain the same preference order of the alternatives, i.e., x 2 x 3 x 4 x 1 . However, the method of Zeng and Su [62] cannot solve the decision-making problem in Example 38. This is because different decision makers assigned different weights to the attributes, which is outside the scope of Zeng and Su's method [62] . Example 39 [62] : An investment company wants to invest some money in a project. There are six companies from which to select a project: a chemical company, a food company, a computer company, a car company, a furniture company, and a pharmaceutical company. Three experts are invited to assess these six projects in terms of six perspectives: benefits in the short term, benefits in the midterm, benefits in the long term, risk of the investment, difficulty of the investment, and other factors. Six companies can be represented as six alternatives, namely, G 1 , G 2 , G 3 , G 4 , G 5 and G 6 , as follows:
(1) G 1 : a chemical company, Assume that the decision matrices that are given by decision makers E 1 , E 2 and E 3 are R 1 , R 2 and R 3 , respectively. They are shown as R 1 -R 3 , as shown at the top of the next page.
The weights of decision makers E 1 , E 2 , and E 3 are 0. T , respectively, which are both generated by normal distribution-based method.
Based on the IFHWGA operator, we can obtain the assessment of each alternative based on the decision matrix given by each decision maker.
Then, we can obtain the group decision matrix as follows, D, as shown at the top of the next page.
Aggregate the decision matrix by the IFHWGA operator. The final assessment of each alternative can be obtained as:
The score function of each alternative can be calculated as:
Thus, we can rank these alternatives as
. This is identical to the results that were obtained by the methods that were presented in [10] , [34] , and [44] .
If the IFHWAA operator is applied, we can get the ranking order as x 2 x 6 x 3 x 5 x 1 x 4 . The preference orders of all alternatives that were obtained by different methods are shown in TABLE 2. 
We can see that the method of Chen et al. [9] , the method of Xu [51] and the method of Yue [60] obtain the same preference order as our proposed method based on IFHWGA, i.e., x 2 x 6 x 3 x 4 x 5 x 1 . Although the proposed method based on IFHWAA gets a different ranking order as other methods, the best alternative obtained by it is identical to others. Since the attribute weights that are given by all decision makers are identical, Zeng and Su's method can be applied to this example. Here, we consider the preference orders that are obtained by combining Zeng and Su's method [62] with different operators. TABLE 2 shows that in most cases, the best alternative that is obtained by Zeng and Su's method [62] is x 2 . This is identical to the best alternative that is obtained by our proposed method and the methods that were proposed in [9] , [51] , and [60] . This example shows that our proposed method based on IFHWAA and IFHWGA operators can both generate the most recommended alternative as most of other methods. We know that getting the best alternative is more important than their ranking order in MAGDM problems. So our proposed methods are competent to solving intuitionistic fuzzy MAGDM problems with a large data scale.
Example 40 [9] : An investment company aims to invest in the best company of three alternative companies: a car company, a TV company, and a food company. They will be assessed by three decision makers, namely, the director (E 1 ), the manager (E 2 ) and the assistant manager (E 3 ), based on three attributes: the risk index, the growth index, and the environmental impact index.
We have the following assumptions. Three alternatives, namely, G 1 , G 2 and G 3 , are defined as follows:
(1) G 1 : a car company, (2) G 2 : a TV company, (3) G 3 : a food company. Three attributes, namely, A 1 , A 2 and A 3 , are used to evaluate these alternatives:
(1) A 1 : the risk index, (2) A 2 : the growth index, (3) A 3 : the environmental impact index. Three decision makers, namely, E 1 , E 2 and E 3 evaluate these companies by intuitionistic fuzzy values. They propose three decision matrices: R 1 , R 2 and R 3 , respectively. These decision matrices are shown as follows: T . Based on the IFHWAA operator and the decision matrix provided by each decision maker, we can get the decision matrix for group decision-making as, D, as shown at the bottom of this page.
Aggregate the assessment form all decision makers by the IFHWAA operator, we can obtain the final assessment results of all alternatives:
The score of each alternative can be calculated as:
Therefore, the preference order of the three companies can be obtained as:
If we use the IFHWGA operator to solve this problem, we can get the final assessment results as: 
The preference orders of all alternatives that were obtained by different methods are shown in TABLE 3. The method of Chen et al. [9] and the method of Zeng and Su [62] obtain the same preference order as our proposed IGHWGA-based method, i.e., G 3 G 2 G 1 . The preference orders of all alternatives that were obtained by the methods in [60] is unreasonable. The results obtained by Xu's method [51] and our IFHWAA-based method are little different from most of other results. This is caused by the extreme intuitionistic fuzzy value <0.8, 0>, whose non-membership degree is equal to 0. But they can provide the same best alternative as other methods. So this result is acceptable due to the provided best alternative. This example indicates that our proposed method based on IFHWAA suffers the same difficulty when there exists zero non-membership degree. Similarly, we can note that our proposed method based on IFHWGA cannot well address MAGDM problems with zero membership degree. Fortunately, such extreme cases are not common in practical applications. Even if in such extreme situation, our proposed method can still provide the best alternative coinciding with most of other methods. Therefore, in most cases, our proposed methods can provide reasonable optimal alternative for decision making.
VII. CONCLUSION
In this paper, we have proposed some new operational laws for intuitionistic fuzzy values. Algebraic properties of these basic operators are deeply investigated. Based on these new basic operations, we developed a series of weighted average operators, namely, intuitionistic fuzzy weighted arithmetic averaging (IFWAA) operator, intuitionistic fuzzy weighted geometric averaging (IFWGA) operator, intuitionistic fuzzy ordered weighted arithmetic averaging (IFOWAA) operator, intuitionistic fuzzy ordered weighted geometric averaging (IFOWGA) operator, intuitionistic fuzzy hybrid weighted arithmetic averaging (IFHWAA) operator, intuitionistic fuzzy hybrid weighted geometric averaging (IFHWGA) operator, for aggregating intuitionistic fuzzy information. It is proved that these averaging operators satisfy these condition of idempotency, boundary, monotonicity and commutativity, which is helpful for aggregating multiple intuitionistic fuzzy Although the proposed operations on intuitionistic fuzzy values have many good algebraic properties, they also have some drawbacks such as continuity and the ability in dealing with extreme data. Much research is needed to improve these operational laws for better application in solving MAGDM problems with intuitionistic fuzzy information. Another focus of future research is to extend the developed method to interval-valued intuitionistic fuzzy numbers and apply to interval-valued intuitionistic fuzzy MAGDM problems.
APPENDIX

A. PROOF OF THEOREM 16
Properties (1) and (3) 
Then we can compute the final results of a ⊕ b ⊕ c and a ⊕ (b ⊕ c) as:
So we have
(4) By Theorem 15, we can get:
B. PROOF OF THEOREM 27
(1) By Definition 11 and Definition 23, we have:
We can further get:
(2) By Definition 11 and Definition 23, we have:
Comparing above results, we can finally get (λ a)
(3) Considering Theorem 15, Theorem 26 and the property (λ 1 a) ⊕ (λ 2 a) = (λ 1 + λ 2 ) a, we have:
Hence, we get a 
which can be further computed as:
we get:
(6) Considering Theorem 26 and the property λ 2 (λ 1 a) = (λ 1 λ 2 ) a, we can get:
Thus, we have a λ 1 λ 2 = a (λ 1 λ 2 ) .
C. PROOF OF THEOREM 29
We construct two functions p(x, y) = 
In the condition of 0 < x ≤ 1, we have
In the condition of x ≥ 1, it follows that
The value of 1 = p(x, y) − l(x, y) shown in FIGURE 5 shows the relation between p(x, y) and l(x, y). We can also note that p(x, y) ≤ l(x, y) for 0 < x ≤ 1 and p(x, y) ≥ l(x, y) for x ≥ 1. i) If 0 < x ≤ 1, we have: 1
Hence, based on the partial order between IFVs, we can get a λ ≥ λa, λ a ≤ a λ . ii) So if x ≥ 1, we can get: q(x, y) and l(x, y) . We can also note that q(x, y) ≤ l(x, y) for 0 < x ≤ 1 and q(x, y) ≥ l(x, y) for x ≥ 1. Hence, a λ ≥ a λ , λ a ≤ λa. 
D. PROOF OF THEOREM 31
Considering the conclusion in Theorem 14 and Theorem 25, we can conclude that the result of IFWAA (a 1 , a 2 , · · · , a n ) is an IFV.
Then we use the method of mathematical induction to prove Eq. (17) .
(1) When n = 2, since
We have:
Then it follows that, If we set v n A = F(w 1 , w 2 , · · · , w n ; v a 1 , v a 2 , · · · , v a n ), then µ n A = 1−F(w 1 , w 2 , · · · , w n ; 1−µ a 1 , 1−µ a 2 , · · · , 1−µ a n ). Therefore, we can conclude that the aggregated results of a 1 , a 2 , · · · , a n is an IFV, and IFWAA (a 1 , a 2 , · · · , a n ) = µ 
